Rigorous modelling of the spherical gravitational potential spectra from the volumetric density and geometry of an attracting body is discussed. Firstly, we derive mathematical formulas for the spatial analysis of spherical harmonic coefficients. Secondly, we present a numerically efficient algorithm for rigorous forward modelling. We consider the finite-amplitude topographic modelling methods as special cases, with additional postulates on the volumetric density and geometry. Thirdly, we implement our algorithm in the form of computer programs and test their correctness with respect to the finite-amplitude topography routines. For this purpose, synthetic and realistic numerical experiments, applied to the gravitational field and geometry of the Moon, are performed. We also investigate the optimal choice of input parameters for the finite-amplitude modelling methods. Fourth, we exploit the rigorous forward modelling for the determination of the spherical gravitational potential spectra inferred by lunar crustal models with uniform, laterally variable, radially variable, and spatially (3D) variable bulk density. Also, we analyse these four different crustal models in terms of their spectral characteristics and band-limited radial gravitation. We demonstrate applicability of the rigorous forward modelling using currently available computational resources up to degree and order 2519 of the spherical harmonic expansion, which corresponds to a resolution of~2.2 km on the surface of the Moon. Computer codes, a user manual and scripts developed for the purposes of this study are publicly available to potential users.
Introduction
The gravitational field is one of the fundamental properties of any planetary body. Physical quantities, such as the gravitational potential, components of the gravitational gradient, or components of higher-order gravitational tensors, represent various images of the attracting masses and help indirectly in sensing the inner structure and (sub)-surface processes. Thus, it forms a tool for understanding surface and interior B M. Šprlák Neumann et al. 2004; James et al. 2013; Wieczorek et al. 2013; Mazarico et al. 2014; Chen and Tenzer 2017) .
Forward modelling may be employed in the spatial or spectral domains. In the spatial case, the gravitational potential and its functionals are computed by discretising Newton's integral and its higher-order spatial derivatives by polyhedra or prisms (e.g. Pohánka 1988; Werner and Scheeres 1997; Nagy et al. 2000; D'Urso 2013; Werner 2017) , tetrahedra (Casenave et al. 2016) , spherical tesseroids (Ku 1977; Asgharzadeh et al. 2007; Heck and Seitz 2007; Wild-Pfeiffer 2008; Li et al. 2011; Uieda et al. 2016) , and their ellipsoidal equivalents (Novák and Grafarend 2005; Roussel et al. 2015) .
Alternatively, in the spectral domain, spherical (or ellipsoidal) harmonic coefficients of the gravitational potential are evaluated. Various spectral techniques have been developed, such as those based on the rock-equivalent topography (e.g. Lee and Kaula 1967; Balmino et al. 1973; Rummel et al. 1988; Grombein et al. 2016; Kuhn and Hirt 2016) , uniform or laterally variable density (e.g. Lachapelle 1976; Balmino 1994; Wieczorek and Phillips 1998; Novák and Grafarend 2006; Wieczorek 2007; Wang and Yang 2013) , or multiple density layers (Pavlis and Rapp 1990; Balmino et al. 2012; Tenzer et al. 2016; Rexer et al. 2016; Root et al. 2016) .
In this article, we review and discuss the modelling of the gravitational potential spectrum from a 3D spatially variable density and geometry of the attracting body, in this case the Moon. The lunar gravitational field has been improved by Gravity Recovery and Interior Laboratory (GRAIL, Zuber et al. 2013) , which motivates us for revealing the detailed inner structure of this body. In contrast to previous methods in the spatial and spectral domains, we do not introduce any unrealistic postulates on the inner structure of the attracting body. Our method corresponds to Newton's integral in the spectral domain and is abbreviated as the Rigorous Forward Modelling (RFM) method. We use a spherical geometry for the Moon, so the resulting spectra are represented by Spherical Harmonic Coefficients (SHCs). The ideas presented in this article can be extended to an ellipsoidal geometry (e.g. for the Earth), but is not discussed here.
We note that RFM is very often considered as computationally too expensive (e.g. Pavlis and Rapp 1990; Wang and Yang 2013) . However, our synthetic and real numerical experiments targeted on the lunar gravitational field show that RFM is manageable by using moderately powered computational resources. We verify the correctness of the RFM through several comparisons with respect to the approximate forward modelling techniques by Wieczorek and Phillips (1998) and Wieczorek (2007) , herein abbreviated to WP98 and W07. Both methods may also be termed as finite-amplitude methods, as this term is frequently used in the literature. These were intentionally selected as they have become standard procedures in planetary sciences (e.g. Neumann et al. 2004; James et al. 2013; Mazarico et al. 2014; Wieczorek 2015) . We confirm that the accuracy of these "standard approaches" may be strongly affected by the choice of input parameters (cf. Sun and Sjöberg 2001; Root et al. 2016; Hirt and Kuhn 2017) . In contrast, the RFM is more robust and, to simplify and disseminate its exploitation, we make the computer codes, user manual and scripts publicly available to potential users; see "Appendix A."
The article is structured as follows. We describe the RFM and the finite-amplitude methods in Sect. 2. Numerical experiments validating the RFM for the synthetic and realistic scenarios of the gravitational field of the Moon are performed in Sect. 3. In Sect. 4, we apply the RFM in comparing four different crustal models of the Moon. Finally, we discuss our main findings in the Conclusions section.
2 Forward modelling of global gravitational fields in the spectral domain
The RFM method
In this section, we recapitulate the theoretical foundations for computation of the gravitational potential spectra, i.e. SHCs, provided that the volumetric density and geometry of the attracting body are known (e.g. Kellogg 1929; Heiskanen and Moritz 1967; Torge and Müller 2012; Turcotte and Schubert 2014) . We mainly focus on and emphasise the assumptions introduced in these previous mathematical derivations. Our starting point is the volumetric integral of the mass elements, which allows computation of the gravitational potential V of the attracting body as follows:
The gravitational potential is calculated at an evaluation point, position of which is defined by spherical geocentric coordinates, i.e. the spherical radius r , spherical co-latitude θ , and spherical longitude λ. The integral runs over an infinitesimal volume (integration) element with spherical coordinates r , θ , λ . The symbol G in Eq.
(1) stands for the universal gravitational constant, is the volumetric density, and L is the Euclidean distance between the evaluation point and the integration element. The key step for transforming the gravitational potential from the spatial domain into the spectral domain is the series representation of the reciprocal Euclidean distance (e.g. Heiskanen and Moritz 1967, p. 58) :
The expression after the first equality sign represents the infinite series in terms of un-normalised Legendre polynomials P l of degree l. These are functions of the spherical distance ψ between the evaluation point and the integration element, calculated from θ, λ and θ , λ using spherical trigonometry. The second series makes use of the addition theorem (e.g. Heiskanen and Moritz 1967, Eq. 1-82') , which decomposes the un-normalised Legendre polynomials into the sum of the products of 4π fully normalised spherical harmonics:
withP lm being the fully normalised associated Legendre functions of the first kind of degree l and order m. Both infinite series in Eq. (2) converge uniformly for any evaluation point r > r (e.g. Heiskanen and Moritz 1967, p. 33) . Convergence is also guaranteed if r = r unless the evaluation point and the integration element become identical (Arfken and Weber 2005, p. 743) . A singularity occurs in this case and both series diverge. Importantly, and as we will demonstrate later, r must be external to the gravitating masses. We now substitute Eq. (2) into the Newton integral of Eq. (1). With the assumption of the uniform convergence, which is valid for any r > r , we change the order of the double summation and the volume integration. These operations lead to the spectral representation of the gravitational potential in the form:
×P lm cos θ cos mλ r l+2 sin θ dr dθ dλ
To extract the fully normalised SHCsC lm ,S lm from Eq. (4), we use the corresponding expansion of the external gravitational potential:
where M is the total mass of the attracting body and R is the radius of the Brillouin sphere, which is any sphere fully enclosing all gravitating masses of the body (e.g. Sansò and Sideris 2013, Sect. 3.2) . Equation (5) (4) and (5), and taking R = r > r , the expression for evaluation of the SHCs reads:
Except for the density , information about the geometry of the body has to be known. This is required by the limits of the volume integral and is available in the form of digital elevation models (DEMs).
Practical implementation
Equation (6) is a theoretical prescription for transforming the volumetric density and geometry of the body into SHCs. We now describe an efficient and accurate algorithm for computation of the spherical gravitational potential spectra by discretising the integral and using the discrete Fourier transform. We start by discretising the volume of the attracting body into spherical tesseroids. A tesseroid is defined by indices i, j, k and bounded by spherical coordinates r k ≤ r < r k + r , θ i ≤ θ < θ i + θ , λ j ≤ λ < λ j + λ , where r , θ , and λ are the respective discretisation steps. The volumetric density is assumed to be constant inside each tesseroid and is represented by its mean value¯ r k , θ i , λ j , but this value can be different for each tesseroid, thus allowing for practical implementation of variable densities. The discretised version of Eq. (6) then reads:
The volume integral of Eq. (6) has now been transformed into the triple summation i, j,k = i j k over all tesseroids within the attracting body. The three integrals with respect to the spherical coordinates of the integration element appear in Eq. (7). These are the integral mean values of the corresponding functions over the tesseroid with indices i, j, k. By exploiting rules of integral calculus, the integral over the spherical radius multiplied by the term 1 R l can be expressed analytically and exactly as:
Also, the analytical form of the integral over the spherical longitude exists. Together with identities for the trigonometric functions and by considering λ j = j λ , we obtain:
The auxiliary coefficients A m , B m are:
The integral over the spherical co-latitude in Eq. (7) is nontrivial. However, it can be computed by recursive formulas (e.g. Paul 1978; Gerstl 1980; Gleason 1985; Fukushima 2012a) . The integrals of the associated Legendre functions of the first kind will be abbreviated by:
Considering the expressions of Eqs. (8)- (11), the SHCs can be calculated as:
Equation (12) consists of the three summations over the tesseroid indices i, j, k that may be computationally expensive for small tesseroids. However, the evaluation can significantly be accelerated by exploiting the 1D discrete Fourier transform (cf. Haagmans et al. 1993 ) with respect to j (i.e. the spherical longitude index). For this purpose, we firstly introduce the coefficients:
These depend on the spherical harmonic degree l and the tesseroid position in the direction of the spherical co-latitude and spherical longitude, i.e. the indices i and j. Once the coefficients d l,i j are computed, we can obtain its Fourier coefficients as follows:
Equation (14) (14), we can calculate the SHCs based on the formula:
From the numerical point of view, the accuracy of such a computation depends on the discretisation size of the tesseroids. The discretisation must correspond at least to the maximum degree and order (d/o) of the SHCs. Computation of the fully normalised associated Legendre functions of the first kind and their tesseroid mean values (see Eq. (11)) may also be subject to the numerical problems (IEEE underflow or overflow) for a high degree analysis, e.g. if l, m > 1800. The numerical problems can, however, be avoided by implementing stable recursion algorithms (e.g. Holmes and Featherstone 2002) or extended-precision arithmetic (e.g. Fukushima 2012a, b).
Comparison with other methods (WP98 and W07)
The method of W07 is based on the same initial points and assumptions as already discussed in Sect. 2.1. This approach can be obtained from Eq. (6) by introducing two additional postulates: (1) the density within the attracting body is constant in the radial direction, i.e. it is only a function of the spherical co-latitude and spherical longitude, (2) split the spherical radius of the integration element as r = D + H , where H is the topographic height, which depends on the spherical co-latitude and spherical longitude. The symbol D stands for the constant radius and defines an auxiliary sphere that is termed herein as the topographic sphere. In the context of convergence of the spectrum, we highlight here that this topographic sphere may be partly inside the gravitating masses. By considering the binomial theorem for the (l + 2)-th power of D + H , see Eq. (6), the SHCs become:
where the spectra for the nth power of the topographic heights multiplied by the laterally variable density are defined by the formula:
If a constant density is assumed within the attracting body (as in WP98), Eq. (17) simplifies to:
with the spectra for the nth power of the topographic heights in the form:
From Eq. (18), the gravitational potential spectrum is based purely on the geometric properties of the attracting body. The bulk density of the body merely represents a scaling factor to the gravitational potential as it now resides outside the integration/summation. We contend that this is a key limitation of the finite-amplitude (WP98 and W07) methods if one wishes to include variable density information in forward modelling of planetary gravitational fields.
Several items must be considered when exploiting Eqs. (16)- (17) or (18)- (19) in practical calculations. First, the SHCs of Eqs. (16) and (18) refer to the topographic sphere of radius D. The convergence of the corresponding gravitational potential is guaranteed only on or above the Brillouin sphere. When the topographic sphere is located inside the attracting body, as is often selected in practical calculations (e.g. Wieczorek 2015), the gravitational potential spectrum must be continued upward to its Brillouin counterpart. Only in this way can one obtain truly realistic gravitational field that strictly fulfils Laplace's equation, i.e. harmonicity.
Secondly, the choice of the topographic sphere directly affects the topographic SHCs from Eqs. (17) and (19), and therefore also the number of significant terms in the summation over the power (index) n in Eqs. (16) and (18). For example, when the topographic sphere completely encloses the topography, the spectrum for the n-th power of the topographic heights may become more pronounced as compared to the one for the mean topographic sphere. This is because the topographic heights possess large values and are of the same sign for the enclosing topographic sphere, while the topographic heights alternate around zero for the mean topographic sphere.
Thirdly, the maximum value of the summation index n in Eqs. (16) and (18), herein referred to as the maximum power of the topographic expansion, goes theoretically up to l +3. In practical calculations, the summation over the power (index) n is truncated at a much lower value than l + 3. However, the maximum power of the topographic expansion must be properly selected as it influences the accuracy of the gravitational potential SHCsC lm ,S lm . For instance, a criterion may be chosen based on the accuracy of available gravitational models, as both actual gravitational and topography (crustal) implied fields are very often assessed by other measures such as correlation or admittance. A general formula for determining the maximum power of the topographic expansion does not exist and its value should be estimated empirically for any planetary body (e.g. Sun and Sjöberg 2001; Wieczorek 2015; Rexer et al. 2016) .
Fourthly, grids of topographic heights (DEMs) are usually exploited for the computation of the topographic SHCs by Eqs. (17) and (19). The grid discretisation should be fine enough to avoid aliasing when higher powers of the topographic heights are analysed (Hirt and Kuhn 2014) . Given the maximum d/o of the topographic SHCs, the discretisation size should decrease inverse-proportionally to the power n of the topographic heights. This is not feasible for high d/o spherical harmonic expansions. In practice, DEMs are padded with zero values. Alternatively, DEMs are discretised with steps θ and λ that correspond to twice the maximum d/o of the harmonic expansion (e.g. Wieczorek et al. 2015) .
Numerical results
We developed a FORTRAN program ("Appendix A") employing the RFM based on Eq. (15). The program makes use of the scaling algorithm by Holmes and Featherstone (2002) that allows for computing the integrals of the associated Legendre functions of the first kind, see Eq. (11), up to d/o 2700. The 1D discrete Fourier transform is performed by the FOR-TRAN routine FFTCC (Boisvert et al. 1984) .
We compared the results with the modelling approaches by WP98 and W07 implemented in the FORTRAN routines CilmPlus and CilmPlusRhoH, which are functions within the software suite SHTOOLS (Wieczorek 2015) . These also exploit the stabilisation procedure by Holmes and Featherstone (2002) . Several spherical harmonic analysis methods are available within SHTOOLS, among which we opted for the one by Driscoll and Healy (1994) .
In this section, we focus on testing the three modelling methods (RFM, WP98, and W07) for synthetic/simulated and realistic gravitational fields of the Moon. In this way, we confirm correctness of the RFM algorithm and demonstrate its applicability. Moreover, we point out the numerical restrictions for the finite-amplitude methods. In Sect. 4, we further compute several gravitational models of the Moon exploring different crustal density structures. Therefore, geometric and physical parameters of the numerical experiments were chosen such that they suit this planetary body, but they can be applied elsewhere.
All gravitational potential spectra were calculated up to d/o 2519. Such a spherical harmonic expansion corresponds to an angular resolution of 1/14 • at the lunar equator (or the resolution of~2.2 km on the surface of the Moon). A DEM with the corresponding sampling (or its resampled analogues) was used by the RFM. The algorithm by Driscoll and Healy (1994) guarantees accurate analysis when the angular sampling is at least twice as fine as the one conforming with the maximum spherical harmonic d/o. Therefore, we exploited DEM grids discretised with steps of at most θ = λ = 1/28 • when modelling the gravitational potential spectra by the finite-amplitude methods. We also note that the discretisation in the radial direction for the RFM algorithm was kept constant with the size of r = 1 km.
We performed the numerical experiments on a desktop computer with 32 GB of RAM and a processor with eight cores, each of frequency 3.4 GHz, in a Linux 64-bit operating system, while exploiting only one core at a program runtime.
Gravitation of a spherical shell
We start the numerical experiments for a simple synthetic case of the spherical shell with a constant density . The spherical harmonic spectra in such case can be solved analytically and is defined by the formula:
where δ i, j is the Kronecker delta, R 1 , R 2 are the radii of the lower and upper spheres forming the shell such that R 1 ≤ R 2 . Except forC 00 , the SHCs are zero that served as a benchmark for assessing the accuracy of the three modelling methods (RFM, WP98, and W07). For this purpose, we firstly generated the theoretically exact spectra from Eq. (20). We opted for the constant density value = 2550 kg/m 3 , radii of the lower and upper spheres R 1 = 1740 km and R 2 = 1750 km, and the lunar mass M = 7.3458996 × 10 22 kg. The radii of the upper sphere R 2 = 1765 km and 1790 km were also tested and did not affect conclusions from this numerical experiment.
To be consistent with the theoretical spectra of Eq. (20), the same bulk density values, either as a single value or as a grid file, and of the mass were taken into account. For the finiteamplitude methods, the radius of the topographic sphere was set to D = R 2 , see Eqs. (16) and (18). We generated a grid of the constant topographic height H = −10 km so as to be in agreement with the choice of the topographic sphere D and the 10 km thickness of the spherical shell, see Eqs. (17) and (19). The synthetic topography was discretised with the steps θ = λ = 1/28 • .
The performance of the routines CilmPlus (WP98) and CilmPlusRhoH (W07) was tested for the maximum powers of the topographic expansion n max = 1, 10, and 20. In the case of the RFM, we exploited the same global grid of the constant topographic height as we chose the radius of the Brillouin sphere R = R 2 = 1750 km, see Eq. (15). Unlike WP98 and W07, no other parameters were required by the RFM.
Finally, the theoretical SHCs of Eq. (20) were subtracted from those obtained by the three modelling approaches. The coefficient differences were exploited for computing the square root of degree variances and depicted in Fig. 1 .
The black curve in Fig. 1 shows the relative performance of the RFM. The accuracy is 10 −16 for low d/o spherical harmonics and decreases to less than 10 −21 by increasing d/o of the expansion to 2519. We suspect that the degree-dependent improvement of accuracy is mainly caused by the decreasing magnitudes of the fully normalised associated Legendre functions of the first kind (e.g. Holmes and Featherstone 2002) . We note that the only non-zero SHC isC 00 , which was determined with the relative accuracy of 10 −12 .
Similar performance is also revealed for the approach by WP98. Moreover, the red, blue, and green curves in Fig. 1 indicate even higher accuracy for the lower powers of the topographic expansion. This can be explained by fewer Fig. 1 Square root of degree variances calculated from the SHC differences (dimensionless) between the analytical solution for the spherical shell of constant density, see Eq. (20) , and the RFM (black) and the method by WP98 up to maximum powers of the topographic expansion n max = 1 (red), 10 (blue), and 20 (green) mathematical operations necessary for the numerical calculations. However, in a more realistic scenario, such as the one in Sect. 3.2, higher-power topographic expansions are necessary to achieve the required precision of the modelling approach (e.g. Sun and Sjöberg 2001; Wieczorek 2015; Rexer et al. 2016) . Almost identical results were obtained by the routine CilmPlusRhoH, which implements the procedure by W07 and also for the finer resolution of the DEM grid with a spacing of 1/56 • (corresponding to a resolution of~0.5 km on the surface of the Moon). These additional results are not presented in Fig. 1 as the conclusions remain the same.
Overall, the synthetic test proves very good accuracy of the three algorithms, even below the machine epsilon of double precision arithmetic. We have not identified any systematic errors, either for high spherical harmonic degrees and orders (ds/os), high powers of topographic expansions or very fine discretisation of the synthetic DEM grid.
Gravitation from the actual lunar topography
We now focus on the comparison of the three forward modelling approaches in a more realistic scenario on the Moon. The lunar surface geometry is provided by the Lunar Orbiter Laser Altimeter (LOLA, Smith et al. 2010) topography. We used the gridded data record in the Principal Axis coordinate system. This ensures a consistent coordinate system with the global gravitational models of the Moon, such as from GRAIL. The dataset consists of globally interpolated LOLA heights H LOLA with equiangular sampling of 1/64 • . These are referenced to the mean sphere of radius R LOLA = 1737.4 km, see (http://pds-geosciences.wustl.edu/lro/lro-llola-3-rdr-v1/lrolol_1xxx/data/lola_gdr/cylindrical/pa/).
The above LOLA topography was smoothed such that the new DEM grid had equiangular sampling of 1/14 • , corresponding to spherical harmonic d/o 2519. For this purpose, we exploited the program blockmean, which is available within the Generic Mapping Tools (GMT, Wessel et al. 2013) suite to compute the mean topographic heights over the elements required for the numerical integration. Two finer grids, discretised with steps θ = λ = 1/28 • and 1/56 • , were also employed in our numerical experiments. These were obtained by dividing the integration elements of size 1/14 • , within which the topographic heights were preserved. Thus, the finest spatial resolution of all LOLA topography grids is always 1/14 • .
The calculated gravitational fields were inferred by the surplus or deficit lunar topographic masses above or below the sphere of radius R LOLA = 1737.4 km. However, we emphasise that all gravitational potential spectra were referred to the Brillouin sphere of radius R = R LOLA + max (H LOLA ) = 1748.2 km. Thus, continuation of SHC was performed if the SHCs were initially referred to another spherical surface, e.g. the topographic sphere of radius D < R.
The necessity for the Brillouin sphere is also justified with the support of Fig. 2 . Convergence of the gravitational potential spectra inferred by the topographic masses of the Moon is guaranteed only for the Brillouin radius R = R LOLA +max (H LOLA ) = 1748.2 km (green curve). For the other three non-Brillouin spheres of radii R = R LOLA + min (H LOLA ) = 1728.2 km, R = R LOLA = 1737.4 km, and R = 1738.0 km (red, blue, and black curves, respectively), the powers of the gravitational spectra amplify with increasing d/o. We note that the selection of the Brillouin sphere conforms with Hirt and Kuhn (2017) , who also pointed out this issue by investigating the convergence of the gravitational potential spectra inferred by the lunar topography.
In addition, we emphasise the divergence of the gravitational spectra above d/o~800 for R = 1738.0 km. As this is the preferred reference radius of GRAIL gravitational field models (Konopliv et al. , 2014 Lemoine et al. 2013 Lemoine et al. , 2014 , their gravitational spectra should also experience the diverging behaviour observed in Fig. 2 . However, high d/o SHCs of GRAIL-derived models are very often constrained by decreasing power laws (e.g. Kaula 1966 ), which eventually leads to undesired smoothing.
Optimal selection of input parameters in WP98 and W07
Here, we investigate the numerical restrictions in WP98 and W07. Specifically, we study how the computation of the gravitational spectra is influenced by: (1) the maximum power of the topographic expansion n max and (2) the radius of the topographic sphere D. The effect of DEM grid sampling is partially addressed in Sect. 3.2.2. We considered the three radii of the topographic sphere: 1) D = R LOLA + min (H LOLA ) = 1728.2 km, (2) D = R LOLA = 1737.4 km, and (3) D = R LOLA + max (H LOLA ) = 1748.2 km. Similar to the example of the spherical shell (Sect. 3.1), we also tested three different powers of the topographic expansion, i.e. n max = 1, 10, and 20. The finite-amplitude modelling methods differ only by the postulate about the bulk density. We used = 2550 kg/m 3 for WP98 and a laterally variable density for W07. The lateral density grid with the same equiangular sampling as the LOLA topography was obtained in two steps: (1) by synthesising the grain density from the SHCs provided by Wieczorek et al. (2013) up to d/o 310, (2) scaling the grain density values such that their global average equals to 2550 kg/m 3 . The scaling transformed the grain density into its bulk counterpart. The scaling factor applied was ∼ 0.88. This corresponds to an average porosity of ∼ 12%, which appears to be a realistic value for the upper part of the lunar crust (e.g. Wieczorek et al. 2013; Han et al. 2014) .
For the purpose of this numerical experiment, one could opt for other density behaviours within the lunar topographic masses. However, we intentionally chose the realistic density values as these were also exploited in comparing different crustal models of the Moon in Sect. 4.
The square root of the degree variances for the gravitational potential spectra are illustrated in Fig. 3 . These were obtained by the method of WP98 for different values of D and n max . Intuitively, all of the curves should be identical or converge to the solid black curve. However, Fig. 3 reveals a fair agreement with the solid black curve only for some of the spectra within a limited spherical harmonic band. On the other hand, we observe completely diverging spectra depending on the choice of the input parameters.
The radius of the topographic sphere D significantly affects the computation of the SHCs. The blue curves in Fig. 3 show that the total power is overestimated and may be even completely unrealistic after d/o 450 or 800 when taking the maximum radius of the topographic sphere D = 1748.2 km. On the other hand, the spectra are underestimated when considering D = 1728.2 km, i.e. the minimum radius, as the behaviour of the red curves in Fig. 3 indicates. By selecting the radius D such that it represents approximately the mean sphere, i.e. D = 1737.4 km (black curves), shows the most rapid convergence.
Another parameter affecting the performance of the WP98 method is the maximum power of the topographic expansion n max . It is seen in Fig. 3 that the low values, e.g. n max = 1, do not provide realistic spectra. Figure 3 also suggests that the higher-power topographic expansions are required for D = 1728.2 km and 1748.2 km as compared to D = 1737.4 km. This again favours the selection of the mean sphere in practical computations. Figure 4 illustrates the square root of degree variances for the individual terms of selected power (index) n in Eq. (18). This is different from the total (cumulative) effect obtained by summing up all terms with powers (indices) between 1−n max in Eq. (18) and presented in Fig. 3 . It can be seen in Fig. 4 that low d/o SHCs originate from the low-power topographic terms. In contrast, the high-power topographic terms signif- For n = 1, selection of the topographic sphere only changes the SHCC 00 , while the other coefficients are preserved. In such a case, the spectra are identical for all l ≥ 1, as illustrated by the dotted black curve in Fig. 4 . We note that the distinct powers of the gravitational spectra for n max = 1 in Fig. 3 are caused by subsequent upward continuation of the SHCs from the different topographic spheres to the Brillouin sphere.
For high-power terms of the topographic expansion, the SHCs vary based on the choice of the topographic sphere. Considering D = 1748.2 km (blue curves in Fig. 4) , the corresponding topographic heights have the same sign and possess large values. By analysing such topographic heights, we observe that the individual terms become more significant with the increasing power of topography n. Consequently, we can see diverging gravitational spectra in Figs. 3 and 4.
For the topographic sphere of radius D = 1728.2 km, the power of the individual terms is close to those of D = 1748.2 km, as the topographic heights have again only the same sign and large values. However, the observed underestimation in Fig. 3 is a result of upward continuation from the topographic sphere onto its Brillouin counterpart. The topographic sphere of radius D = 1737.4 km causes the topographic heights to be of alternating sign and smaller magnitudes. The resulting power of the gravitational spectra is therefore reduced and converges, as observed in Figs. 3 and 4. Hirt and Kuhn (2017) performed an investigation of the WP98 method and its performance for the Moon. They studied how the spatial resolution of the lunar topography affects the gravitational potential spectra. Considering only one radius of the topographic sphere in the spectral analyses, i.e. D = 1738.0 km, they detected diverging spectra for the finest topographic surfaces. In addition, they compared gravity values obtained by the Newtonian integration and the WP98 method in the spatial domain. Their analyses indicated that gravity values were strongly influenced by the choice of the Brillouin sphere. However, the numerical restrictions of the WP98 method investigated in this section are different from and complementary to those addressed by Hirt and Kuhn (2017) .
We note that the numerical experiments (not presented here) with the routine CilmPlusRhoH exploiting W07 led to identical conclusions as presented above.
Numerical comparison of RFM and WP98
Here, we compare RFM and the approach by WP98. The RFM algorithm was tested with the assumption of a constant density = 2550 kg/m 3 and discretisation sizes of the LOLA topography grid of θ = λ = 1/14 • , 1/28 • , and 1/56 • . For the forward modelling by WP98, we considered the maximum power of the topographic expansion n max = 20, the radius of the topographic sphere D = 1737.4 km, and the LOLA topography grid with equiangular samplings of 1/28 • and 1/56 • . (Recall that all LOLA topography grids possess the finest spatial resolution of 1/14 • ). The finer grids represent only geometric refinements to investigate discretisation errors for RFM and quantify the aliasing effect for the WP98 method.
The comparison between RFM and WP98 is illustrated in Fig. 5 . However, in contrast to the synthetic case in Sect. 3.1, the true gravitational potential spectrum is not known for this scenario. Nevertheless, we selected the true (reference) gravitational potential spectrum as obtained by the RFM with the LOLA topography grid discretised with the steps θ = λ = 1/14 • (black curve in Fig. 5 ). We were justified to do so as the RFM approach is based on the least number of postulates and is completely free of the numerical issues present in the finite-amplitude methods.
Ultimately, the RFM algorithm is affected by discretisation errors, i.e. the uncertainties due to the different size of tesseroids. When refining the sampling of LOLA topography to 1/28 • (green curve in Fig. 5 ), the differences of the gravitational spectra are at least 12 orders of magnitude smaller than the reference signal. Identical behaviour was found for the LOLA topography grid with equiangular sampling of 1/56 • . Thus, the discretisation errors for the RFM are negligible.
The gravitational spectra of RFM and WP98 differ by approximately two orders of magnitude for low ds/os, while the distinctions are more pronounced by increasing the harmonic d/o (red curve in Fig. 5 ). Based on the previous numerical experiments (Sect. 3.2.1), the radius of the topographic sphere D = 1737.4 km is the optimal one and did not further improve the performance of WP98. The resulting gravitational potential spectra were neither affected by larger value of the maximum power of the topographic expansion n max = 25.
However, the differences between RFM and WP98 decreased when we exploited the finest LOLA grid discretised at 1/56 • (blue curve in Fig 5) . This suggests that the topographic grid sampling, and thus also the aliasing effect originating from analysis of higher powers of the topographic heights, may still influence the SHCs. The effect of the grid sampling is below the power of the signal and becomes important only when the other parameters, i.e. the radius of the topographic sphere D and the maximum topography power n max , are selected properly. Further refinements of the topography grid are not feasible for practical reasons, e.g. due to significant memory requirements or increasing computational effort. We emphasise that our observations for the finite-amplitude approaches hold true for the spherical harmonic analysis algorithm by Driscoll and Healy (1994) and results may be different when alternative analysis methods are applied.
We also acknowledge that the differences between RFM and WP98 method presented in Fig. 5 may also come from distinct calculation of spherical harmonics. The RFM algorithm computes the mean values of the spherical harmonics at the angular centres of tesseroids. The routine CilmPlus calculates point values of spherical harmonics at the corner points of discretised spherical surface. The two spherical harmonic calculations are not further investigated as we suppose these may be negligible for high-resolution grids such as those exploited in this article.
We also compared the RFM with W07 using the laterally variable density (not presented here) and did not find any different conclusions.
Comparison of gravitational potential models from variable densities with GRAIL observations
We considered four crustal models that differ by the assumptions of the bulk density, comprising: (1) constant, (2) laterally variable, (3) radially variable, and (4) spatially variable in 3D. We chose the base of the lunar crust to be at a For the constant density model, we assigned the density = 2550 kg/m 3 to all tesseroids. The second crustal model included the 2D density grid introduced in Sect. 3.2. The third crustal model was based on the exponential compaction model of the density distribution in the radial direction defined as (e.g. Athy 1930; Audet and Fowler 1992) :
where c ≈ 6.15, 0 is the grain density (for zero porosity), φ 1 is the surface porosity (in percentage divided by 100), P is the lithostatic overburden pressure (in MPa), and P c is the characteristic closure pressure of the material (in MPa). We took 0 = 2850 kg/m 3 , φ 1 = 17.5%, and P c = 350 MPa from one of the solutions found by Han et al. (2014) . The density profile was calculated for P ∈ [0, 350] MPa discretised by the finite increment P = 0.1 MPa. The corresponding depths can be computed by the relationship of the overburden pressure with depth:
where g = 1.67 m/s 2 is the mean lunar surface gravity and K is the number of the pressure increments. Finally, the density distribution of the fourth model under consideration varies in 3D, i.e. radial, co-latitudinal, and longitudinal. It was implemented by Eq. (21) by replacing the grain density 0 with the laterally variable density grid. The computed gravitational potential spectra from the four crustal density distributions were compared with GRAIL gravitational field model GL1500E (Konopliv et al. 2014) . For consistency, SHCs of GL1500E were upward continued to the Brillouin sphere of radius R = 1748.2 km as they originally refer to the radius 1738 km. The comparison was performed up to d/o 1500, which is the maximum available d/o of GL1500E, in terms of the correlation γ l , admittance Z l , and the Bouguer correlation γ B l , each defined as:
where the index i ∈ {1, 2, 3, 4} distinguishes among the four crustal models, while the superscript G indicates the GRAIL gravitational field model GL1500E. The correlation spectrum γ l between the uniform crustal model and GL1500E is depicted in Fig. 6a . It shows the The four crustal models of the bulk density are uniform (black), laterally variable (blue), radially variable (red), and variable in 3D (green) highest values close to unity between ds/os 100-700. The correlation is reduced for ds/os less than 100 as the geophysical processes, not necessarily associated with the lunar topography, including heterogeneity in the mantle, and surface lava flows, are significant at long spatial scales. The decreasing correlation above d/o 700 is due to observation noise overwhelming the gravitational signals from GRAIL, as well as the Kaula-type constraint starting from degree 701 (Konopliv et al. 2014) . Nearly indistinguishable correlations are found from the other crustal density models. This implies that the global topographic analysis of the gravitational signals is limited to ds/os 100-700.
In contrast, the admittance spectrum Z l , comparing the signal powers, reveals some distinctions among the crustal models between ds/os 100-700 (Fig. 6b) . The ideal case would give unity in correlation and admittance spectra. However, we observe a constant decrease of the admittance in the case of the uniform density model (black curve in Fig. 6b ) and the laterally variable density model (blue curve in Fig. 6b covering the black one). The lateral variations of the lunar crustal density affect the resulting admittance spectra only marginally, as also reported by Jansen et al. (2017) . On the other hand, the radially variable density model yields almost a unit admittance spectrum between ds/os 100-700 (red curve in Fig. 6b ) and it is slightly inclined above d/o 300. The radially variable model replicates the gravitational response to topography better than the constant and laterally variable ones. The 3D variable model yields almost identical results as the radially variable one, except for the slight shift caused by the mean density difference of 3-4%. We also note a sudden decrease of the admittances starting at degree 701 due to the Kaula-type constraint in the GL1500E model.
The Bouguer correlation spectrum γ B l provides another metric for distinguishing among the four crustal models (Fig. 6c) . The ideal case would provide zeros beyond degree 100 since the crustal models are not correlated with the GRAIL data noise, if the GRAIL gravity observations are strictly interpreted as a result of the crustal density distribution. It is seen in Fig. 6c , however, that the minimum Bouguer correlation between the ds/os 100-700 (i.e. the observable crustal band) is found only for the crustal models that account for the radial density variation by compaction (green and red curves in Fig. 6c ). On the contrary, the systematic decrease of the Bouguer correlation between ds/os 100-600 is found for the constant and laterally variable density models, reflecting inefficacy of these two crustal models. Beyond d/o 701, the Bouguer correlations of all crustal models decrease and approach negative unity. This is because the signal of GL1500E is significantly suppressed by the Kaulatype constraint causing each crustal model to anti-correlate with itself, see Eq. (25).
We also calculated global maps of radial gravitation, i.e. the negative gravity disturbance, generated by GL1500E and the four lunar crustal models, between ds/os 100-600 to highlight the crustal gravity changes. The global maps were evaluated on the Brillouin sphere of radius 1748.2 km with the regular equiangular step of 3/20 • .
The radial gravitation inferred by GL1500E model is depicted in Fig. 7a . The band-limited (100-600) radial gravitation values range from − 335.3 to 209.0 mGal, with a standard deviation of ± 28.7 mGal and a mean value of 0.1 mGal. Larger variations can be seen in the lunar farside, especially in the highland areas due to more rugged topography, while the amplitudes are smaller over the low-elevated, flat lunar mare areas. This identifies the origins of high correlation between topography and gravity. Figure 7b illustrates the Bouguer radial gravitation obtained by subtracting the radial gravitation of the radially variable model from that generated by GL1500E. The values range from − 42.4 to 40.0 mGal with a standard deviation of ± 4.5 mGal and mean of 0.03 mGal. The differences among different crustal models are as large as~10 mGal. This demonstrates that the GRAIL gravity data are primarily explained by introducing the global rock compaction model; however, there are sensible spatial variabilities in local density and the compaction model parameters.
Summary and conclusion
The rigorous modelling of the spherical gravitational potential spectra from the volumetric density and geometry of an attracting planetary body, herein termed the RFM technique, was presented. We started with summarising the theoretical foundations of the approach and focused on the lack of postulates that are required in other forward modelling methods. Having the mathematical apparatus in hand, we presented the numerical algorithm that makes use of the 1D discrete Fourier transform. We showed that the modelling procedures by Wieczorek and Phillips (1998) and Wieczorek (2007) , also known as finite-amplitude methods, represent special simplified cases of the RFM method by imposing postulates on the volumetric density and geometry.
Our computer programs were numerically compared with the widely used (particularly in the planetary science community) routines employing finite-amplitude modelling methods. We calculated the gravitational potential spectra of the topographic masses for synthetic/simulated and realistic scenarios based on observational data of the lunar geometry and density. The numerical experiments proved correctness of the RFM algorithm. We demonstrated that the numerical calculations are manageable even for high degrees and orders (2519) of spherical harmonic expansion, and highresolution topography and density grids by using a desktop computer. Exploitation of RFM may be advantageous over the finite-amplitude methods, which require finely-tuned input parameters. Particularly, we showed numerically that the gravitational potential spectra obtained by the finiteamplitude methods may strongly be affected by the radius of the topographic sphere, the maximum power of the topographic expansion, and, partially, by the topographic grid sampling. Finally, we employed the RFM for modelling the gravitational field inferred by four crustal models of the Moon. These were analysed in terms of the admittance, correlation and its Bouguer counterpart, and radial gravitation with the GL1500E model from GRAIL data. Our examination confirmed that lateral variations of the crust affect the gravitational field only marginally. In contrast, the radially and spatially variable crustal models may be more realistic as they explain the inclination of the admittance and reduce the Bouguer spectra. 
